We study the quantum tunneling of non-relativistic electrons for two dimensional condensed matter systems. We employ the Lévy-Leblond equation (which is the analogue of the Dirac equation for non-relativistic fermions) and show that the spin of the particle can be incorporated in the 2D tunneling problem. We derive the transmission and reflection coefficients of spin up and down electrons and show that the sum of these coefficients are consistent with the known results for gapless semiconductors.
Introduction
The Lévy-Leblond equation (LLE) is the analogue of the Dirac equation for non-relativistic fermions. It has been shown that this equation is consistent with fundamental problems in non-relativistic quantum mechanics, for example, the potential step and finite potential barrier problem [1, 2, 3, 4] . It was also shown that this equation is the non-relativistic limit of the Dirac equation and the Pauli Hamiltonian can be obtained from this equation by requiring it to be locally invariant [3] . Furthermore, it was shown that quantized energy level of the Hydrogen atom are obtained when this equation is solved with a Coulomb potential [4] .
The tunneling of electrons through a potential barrier is one of the foundational problems in quantum mechanics. In this article we discuss the tunneling of non-relativistic electrons through a 2D potential barrier. There have been studies on this topic in recent years in the context of graphene and two dimensional electron gases (2DEG) [5, 6, 7] . The novelty of the analysis we perform herein is that we will introduce spin of the particle in such scattering processes. The analysis performed in this article is applicable to non-chiral electrons in gapless semiconductors [5, 9] . Recently there has been a growing interests in 2D materials other than graphene [8] . The analysis performed in this article can possibly be applied and tested in p-n and n-p-n junctions designed from such materials.
The paper is organized as follows: In section 2, we briefly describe the Lévy-Leblond equation in (2+1) dimensions and (3+1) dimensions. In section 3, we solve the problem of 2D tunneling of electrons from a potential barrier by using the LLE in (2+1) dimensions. In section 4, we study the 2D tunneling problem with 4×4 matrices and solve for the transmission and reflection coefficients of the spin up and down electrons. We conclude in section 5.
The Lévy-Leblond Equation
In this section, we briefly describe the LLE and its applications in quantum mechanics (for further details the reader is referred to references [1, 2, 3, 4] ). The LLE describes spin half fermions in the non-relativistic limit. Since electrons in condensed matter systems are nonrelativistic fermions, the LLE is the more appropriate equation for these systems. In 3+1 dimensions the LLE is given by
where γ i are the Dirac gamma matrices, η is a 4×4 nilpotent matrix and we use = c = 1 in this section. There are different representations of the η matrices, for example, η = (γ 0 + iγ 5 )/ √ 2. In section 4.1, we shall discuss the implications of considering a different representation of these matrices for the potential barrier problem.
The (2+1) dimensional version of the Lévy-Leblond equation for 2×2 matrices, in momentum space, is given by [3] where
. It was shown in [4] that equation (2) is the non-relativistic limit of the 2+1 dimensional Dirac equation. In the analysis performed in the following sections we shall consider the LLE in 2D with 2×2 and 4×4 η matrices.
One of the issues in obtaining the Hamiltonian of equation (1) is that the matrix η is singular [4] . In order to obtain the Hamiltonian we replace η → η = η + η † and analyze the limit → 0. We thereby obtain the following Hamiltonian for equation (1)
where η = η + η † . In the limit → 0, two of the eigenvalues of the Hamiltonian in (3) correspond to positive finite energy (E = p 2 /2m), whereas the other two energy states correspond to infinite negative energy. The infinite negative energy states were interpreted as the negative sea of filled states [4] and we discard these in the analysis we perform in this article. Furthermore, the negative energy states in condensed matter systems (holes) can be described by the Hamiltonian,
In the following sections, we employ equation (3) in 2D with 2×2 and 4×4 matrices to describe electrons in condensed matter systems and derive the transmission and reflection coefficients for the potential barrier problem.
It has been shown in references [2, 3] that the LLE is consistent with non-relativistic quantum mechanics. The step potential problem and finite potential problem in 1D were discussed in [2, 3] and it was shown that the transmission and reflection coefficients of the spin up and down electrons when added, yield the known quantum mechanical results obtained from the Schrodinger equation. We extend these analyses to 2D in this article and show that the results are consistent in this case as well.
Electron Tunneling in 2D with 2×2 Matrices
In this section, we analyze the 2D scattering of an electron incident on a potential barrier of height V 0 and width d (Figure 1 ). The (2+1) dimensional version of the Lévy-Leblond equation for 2×2 matrices (Eq. 2), in momentum space (ψ = u(k x , k y )e −ik.x ), is given by
where we have replaced the velocity of light by the Fermi velocity v of electrons in semiconductors, v ≈ 10 6 m/s. The eigenstate of (4) corresponding to the dispersion relation E = 2 k 2 /2m is given by
The wave function in the three regions shown in Figure 1 are given by
where, k x = k cos φ, k y = k sin φ, q x = q cos θ, q/k = (E − V 0 )/E and from conservation of the wave vector in the y-direction we have, k sin φ = q sin θ. Applying the continuity of the wavefunction at the boundary x = 0 and x = d yields the following transmission and reflection coefficients:
with T QM + R QM = 1. This result is consistent with the transmission coefficient obtained by employing the Schrodinger equation. Note that resonance occurs when q x d = nπ (n = 0, ±1, ..) and the barrier is transparent. Moreover, for normal incidence, the transmission coefficient is an oscillating function that varies between 0 and 1. This expression is consistent with the one presented in [5] for non-chiral electrons in gapless semiconductors. In the next section we show that the results for the transmission and reflection coefficients for spin up and down electrons yields the above expressions.
Electron Tunneling in 2D with 4×Matrices
In this section, we demonstrate how the LLE can be employed to incorporate the spin of the particle in the scattering process discussed in the previous section ( Figure 1) . We analyze the case of a spin up electron with energy E incident on a potential barrier of height V 0 and width d. In momentum space, equation (1) is given by where γ i = (γ 1 , γ 2 ). The spin up and down eigenstates corresponding to the dispersion relation E = 2 k 2 /2m are given by
The wave functions in the three regions shown in Figure 1 are given by
Applying the continuity of the wavefunction at the boundary x = 0 and x = d, yields the following transmission and reflection coefficients:
where
and (2) and (3) we display the plots of the reflection and transmission coefficients for spin up and down electrons. For these plots, the height of the potential barrier is chosen to be V 0 =70 meV and the width as d=10 nm. The red lines show the coefficients of spin up electron and the blue lines correspond to spin down electron. The transmitted electron is always spin up and probability of the transmitted electron to be spin down is zero Figure 4 : The plot shows the reflection coefficients for spin up and down electrons as a function of the incident angle φ, for E < V 0 given in equations (16). The red lines show the coefficients of spin up electron and the blue lines correspond to spin down electron. The energy of the incident electrons, the height and width of the potential barrier are chosen to be E = 40 meV, V 0 =50 meV and d=10 nm.
(T 2 = 0). The reflected electron is most likely a spin up electron and there is a small probability (< 5%) that the reflected electron will be spin down. For E < V 0 , the transmission coefficient T 0 and the reflection coefficients are shown in Figure 4 . The reflected electron is most likely spin up with a small probability (< 3%) that it will flip its spin. Figure 5 shows the coefficients for normally incident (φ = 0) electrons as a function of barrier width d, for E > V 0 (left) and E < V 0 (right). For E > V 0 , the reflection (red for spin up and blue for spin down) and transmission coefficients (black) are oscillating functions of the barrier width d. For E < V 0 , as the width of the barrier increases the probability of transmission decreases significantly. We can see that for this case there is a small probability ∼ 5% that the electron will flip its spin upon reflection.
A Different Representation of Matrices
We will now show that a different representation of the η matrices can lead to different implications for the scattering coefficients of a particle in 2D scattering. In this section we choose 
. This representation predicts the same transmission coefficients but different reflection coefficients for spin up and down electrons in the 2D finite barrier problem. Note however that the sum of the transmission and reflection coefficients for the spin up and down is always equal to the ones presented in equations (9) . This representation predicts a large probability for the electron to flip its spin upon reflection. The transmission coefficients are still the same as before whereas the reflection coefficients for spin up and down electrons are now given by
Note also that there are finite number of representations for the η matrices and experimental observations are needed to test the predictions of this analysis. The plots of these coefficients are display in Figure 6 . The energy of the incident electrons, the height and width of the potential barrier are chosen to be E = 80 meV, V 0 =70 meV and d=10 nm. We can see that the conclusions from these graphs are essentially opposite to those from the previous case. The probability of electron to be reflected as spin flipped is significant whereas the probability that it retains its spin orientation is very small ( 1%).
Conclusion
We have analyzed the 2D scattering of electrons from a finite potential barrier. We employed the Lévy-Leblond equation and showed that the spin of the electron can be incorporated in this problem. We studied the problem of a spin up electron incident on the barrier and showed that the sum of the reflection and transmission coefficients for spin up and down electrons yields results obtained from the Schrodinger equation which are known in literature. These results can possibly be tested for non-chiral electrons in 2 dimensional electron gases and gapless semiconductors.
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